Abstract. Galois connections were originally expressed in a contravariant form with transformations that reverse (rather than preserve) order. Nowadays its covariant form (as residuated maps) is more often used since it is more convenient; namely compositions of residuated maps are handled more easily. In this paper we show that this is not a serious disadvantage of the contravariant form (at least in the natural context for uniform structures, where we need it), by introducing an operation of composition in the complete lattice Gal(L, L) of all (contravariant) Galois connections in a complete lattice L, that allows us to work with Galois connections in the same way as one usually works with residuated maps. This operation endows Gal(L, L) with a structure of quantale whenever L is a locale, allowing the description of uniform structures in terms of Galois connections.
Introduction
Originally Galois connections were expressed in a symmetric but contravariant form with transformations that reverse order (early references to this form are [3] , [6] and [17] ). A Galois connection [3] between the partially ordered sets A and B is a pair (f, f + ) of order-reversing (antitone) maps f : A → B and f Nowadays many authors prefer to work with Galois connections in the covariant form because of its convenience (the survey [5] contains a list of references to this form). In order to avoid confusion we refer to this dualized form as a residuated pair: a residuated pair between the partially ordered sets A and B is a pair (f, g) of order-preserving maps f : A → B and g : B → A such that
( 1.3)
The map f : A → B in a residuated pair (f, g) is called residuated and the map g : B → A is called residual. Thus f is residuated (resp., residual) if and only if
As Blyth and Janowitz (in their monograph on Residuation Theory [4], p. 19) and Erné, Koslowski, Melton and Strecker (in [5] ) remarked, the reason for preferring residuated maps rather than Galois connections can be found in the fact that compositions of residuated pairs are handled more easily: two residuated maps may be composed to yield a new residuated map and this is not the case with antitone maps. Indeed, if f : A → B and g : B → C are residuated maps, then gf is clearly residuated with (gf )
. This composition endows Gal(A, A op ) with a structure of quantale (complete residuated semigroup). We call it the quantale of residuated maps. But there remains the question: how to compose Galois connections directly, in order to get a structure of quantale for Gal(A, A)? This is the problem which motivated us to write this paper. Its relevance comes from the fact that this quantale reveals to be an important tool in the entourage-like approaches to uniform structures (cf. [7] ). In this paper we present a composition operation • for Galois maps. Instead of presenting a direct proof that (Gal(A, A), •) is a quantale by proving the associativity of • and the distributivity of it over joins in Gal(A, A), we prefer to follow an indirect but more general and elegant approach, by showing that Gal(A, A) is a quotient of the set Ant(A, A) of all antitone maps from A to itself, expressed in terms of a suitable quantic nucleus. This way Gal(A, A) simply inherits the algebraic properties from the more general and simpler Ant(A, A), and we avoid the technical difficulties inherent to proving associativity of • and the distributivity of it over joins.
A more detailed description of this paper is as follows. We begin by recalling, in Section 2, some general background about frames, locales, quantales and Galois connections. We also fix terminology and notation that will be used in later sections. In the third section we introduce the composition operation • for Galois connections and in Section 4 we introduce an auxiliary operation for antitone maps and prove that this is an associative operation when we specialize to frames. Then we show that this operation endows Ant(A, A) with a structure of quantale whenever A is a frame (Proposition 4.4). In Section 5 we recall some facts about quantic
